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Autonomous Exploration of a Wind Field with a Gliding Aircraft
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Soaring is the process of exploiting favorable wind conditions to extend flight duration. This paper presents an
approach for simultaneously mapping and using a wind field for soaring with an unpowered aircraft. Previous
research by the authors and others has addressed soaring in known wind fields. However, an adequate estimate of the
wind field is required in order to generate energy-gain paths. Conversely, the exploration required to generate a
useful map estimate requires energy. This work aims to address these problems simultaneously by attempting to
maintain and improve a model-free wind map based on observations collected during the flight and to use the
currently available map to generate energy-gain paths. Wind estimation is performed using Gaussian process
regression. A path planner generates and selects paths based on energy efficiency and field exploration. The method is
tested in simulation with wind fields consisting of single and multiple stationary thermal bubbles. The use of soaring
flight with consistent improvement in map quality and accuracy is demonstrated in a number of scenarios.

Nomenclature
wing aspect ratio, b2/S
wingspan, m
drag coefficient
lift coefficient
air relative to inertial frame transformation matrix
drag, N
distance to global goal, m
= energy,J
Oswald’s efficiency factor
gravitational acceleration, m/s?
spatial wind gradient matrix, s~
number of wind observations
lift, N
vehicle mass, kg
load factor, L/mg
inertial position vector
reward function, J
thermal lifting radius, m
wing area, m?
vehicle speed, m/s
thermal maximum core lift velocity, m/s
windspeed, m/s
climb angle, deg
air density, kg/m?
bank angle, deg
heading angle, deg
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Subscripts

= air relative

inertial

start of planning segment
= end of planning segment
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I. Introduction

N RECENT years, unmanned aerial vehicle (UAV) technology

has improved considerably and UAVs have become more
accessible for both commercial and military applications. However,
endurance is often a major limitation of these vehicles due to the
limited availability of onboard energy storage for propulsion.

Soaring is the process of an aircraft capturing energy in-flight from
motions in the surrounding wind field. This is achieved using either
static soaring (the process of using rising air to gain energy) or
dynamic soaring (using wind gradients or distributions). Rising air
can be due to ground temperature variations, which result in
boundary-layer mixing or geographic features such as mountain
ridges that deflect wind upward. Wind gradients are found in
boundary layers over fixed surfaces and can be caused by geographic
features and turbulence.

The physical size of small and micro UAVs means that these
aircraft are generally less efficient (lower lift-to-drag ratio) than
larger gliding aircraft. This, combined with limited carriage capacity,
restricts the available space for onboard energy storage and limits
flight duration. Soaring control could be applied to UAVs to extend
mission duration and reduce carried energy requirements. The
current research aims to provide a method of simultaneously
collecting information about a wind field and using that information
for soaring. However, the problem is complicated by the fact that
usually only direct observations of the wind are available, and
atmospheric structures vary over a wide range of spatial and temporal
scales.

Early soaring research focused on the ability of birds to fly for long
periods of time with minimum wing flapping [1-3]. More recent
research has used computational optimization techniques to
determine trajectories for dynamic soaring in specific conditions
[4-7]. The development and increasing popularity of manned gliders
has also inspired further consideration of soaring strategies. Recent
research has started to analyze how a UAV could generate energy-
gain paths with known wind information [8,9]. More reactive
strategies have also been proposed, where knowledge of soaring
mechanisms is used to determine and track the current optimal flight
condition based on direct observations [10—12]. A further alternative
is to attempt fitting a predefined wind model (such as a thermal
model) to observations made in flight. If an energy-gain strategy is
determined offline, it can be adapted for the learned model
parameters and repeated during flight to produce energy-gain paths.
Initial work by Allen [13] was further developed by Edwards and
Silverberg [14], culminating in an autonomous glider competing
against remote-controlled aircraft in a cross-country soaring
challenge.

While previous soaring research has focused on the methods of
soaring, more recent research has started to focus on how soaring
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control could be integrated with other mission goals. Cutleretal. [15]
demonstrated the potential for using ridge lift during a surveillance
mission to provide continuous unpowered flight while maintaining a
seeability requirement for the surveillance mission. Recent work has
also focused on the higher-level planning required to search for and
use drifting thermals in a wind field [16].

However, previous research has not focused on whether an aircraft
could attempt to generate a model-free map of the local wind field
while simultaneously using that information to generate energy-gain
paths. This paper presents a suggested method for simultaneous
exploration and exploitation of a wind field with limited prior
information. A spatial wind map is generated from wind observations
taken during the flight. This map is then used to plan paths that
explore a predefined area of the wind field while using energy found
in the field for soaring. An alternative approach to the mapping
problem with a focus on the sensor requirements was suggested by
Langelaan et al., where the wind is sampled without requiring
specialized sensors for aerodynamic angle measurements (such as
multihole pressure probes or wind vanes) [17].

Section II provides a brief discussion of the mechanisms of energy
gain and presents the dynamic model used in simulation. Section III
discusses the theory and justification for using Gaussian process
(GP) regression to generate an estimate of the wind field. Section IV
presents the planning architecture and discusses the target assign-
ment algorithm and path planner. The simulation is described in
Sec. V, and results are presented in Sec. VI. Concluding remarks are
made in Sec. VIL.

II. Soaring Dynamics

Soaring and minimum-energy flight strategies can be identified by
analyzing the equations of motion of an aircraft in wind. This section
briefly describes the dynamic model (Sec. II.A) and examines the
mechanisms of soaring through analysis of the resulting energy
equations (Sec. I.B). By analyzing the effect of wind on an aircraft
model, itis possible to identify the conditions required to gain energy.

A. Glider Dynamic Model

The dynamic model used in the analysis and simulation for this
work is an aerodynamic point mass model. The applied forces are the
aerodynamic force (decomposed into lift L and drag D) and the
weight force mg. The aerodynamic force is a function of the motion
of the vehicle relative to the surrounding air and the physical
properties of the aircraft (shape, size, and surface properties). Lift is
defined as the component of the aerodynamic force acting per-
pendicularly to the air-relative velocity vector. Body force due to
sideslip is not considered. Weight is the force due to gravity and is
directed toward the center of mass of the Earth. In this case, a flat
Earth model is assumed due to the relatively small scale of the aircraft
and flight paths. Thus, there are two critical frames of reference: an
inertial frame, which is fixed with respect to the ground (in this case, a
north-east-down frame), and the air-relative frame, which is the
aircraft motion relative to the surrounding air. Figure 1 illustrates the
forces acting on a gliding aircraft in wind.

<i

Fig. 1 Air-relative velocity and applied forces for a gliding aircraft.

Air-relative climb angle y,, is the climb angle of the velocity vector
with respect to the wind. Similarly, the air-relative heading v, is the
heading with respect to lateral wind. The bank angle ¢ is the rotation
of the lift vector around the velocity vector. These angles and the
velocity vectors are illustrated in Fig. 1. Wind is defined in inertial
space and represents the motion of the atmosphere relative to the
ground-fixed inertial frame. The air-relative-to-inertial-transforma-
tion matrix is denoted as C!, and is made up of the standard rotation
transformation matrices denoted as L, Ly, and L,

Ci =L, ()L, (v)L(9) 1

The air-relative velocity can be described in terms of the airspeed V,,
and the heading and climb angles:

Vv, V,cosy,cosy,
V,=Ci| 0 | =] V,cosy,siny, 2)
0 -V, siny,

The drag coefficient is estimated using the common approximation
where the effective drag coefficient Cj, is the sum of parasitic Cp
and lift-induced Cp; drag components [18]. Induced drag is a
function of the lift coefficient C;, the aspect ratio AR, and the
efficiency factor e:
i
Cp=Cpo+Cp;=Cpo+—— 3
Re
Consider the case of locally spatially fixed linear wind gradients. Let
J, be the spatial wind gradients at a particular location:
W, W, W,
x oy 9z
w, W, W,
J w= dx 'dv/ dz (4)
W, W, aw.

By summing the applied forces (lift, weight, and drag) in the inertial
frame and differentiating for acceleration, a set of dynamic equations
can be obtained that describe the motion of a gliding aircraft. The
wind field is stationary with locally linear spatial gradients.
Assuming that roll rate is directly controlled, there are two free
variables: climb angle rate (dy,/dr) and specific lift (L/m). The
system can be solved by specifying one of these values as a control
input. By specifying a climb angle rate, the resulting specific lift can
be obtained [Eq. (5)]. However, physical limitations mean that the
maximum specific lift is limited by maximum lift coefficient C; .«
and load factor constraints (7,,, 7y, ). In such cases, the lift is
specified and Eq. (6) returns the climb angle rate. This effectively
saturates climb angle rate commands to prevent stall and ensure com-
manded paths stay within physical limits. The resulting equations for
the system are shown in Eqgs. (5-9). Further information and
derivation of the equations can be found from Lawrance and
Sukkarieh [11]:

_ -
1 d cos ¥, siny, .
L_ (Va Ya | gcosy,— | siny,siny, | J,P| (5)
m  cos¢ dr

cos ¥,

— . a7
1 (L cos ¥, siny, ]
dv, =— (—cos¢ —gcosy,+ | siny,siny, | J,P (6)
dt V,\m
cos Y,

D 1 L?

= =_-pV2sC —_ 7

m 2P D’0+(1/2)pV§Sn/3Re M

v -D cosy, cosy, |7

=——gsiny, — | siny,cosy, J.P 8)
dr m .
—siny,
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These equations can be integrated numerically with specified roll rate
and either pitch rate or lift functions to simulate gliding flight in wind.
In the simulations presented in this paper, the pitch rate is normally
specified but rejected if the lift required would violate either a
predetermined maximum lift coefficient or a load factor limit. In that
case, the lift is specified and the resulting pitch rate is determined
(effectively modeling a saturation limit of pitch rate command due to
maximum lift requirements). This effectively models stall prevention
and limit loading. However, it does assume that a controller exists
and is able to command and track a specified roll rate and either the
pitch rate or lift coefficient.

B. Soaring Energy

The dynamic equations in Sec. IL.A can be examined in terms of
the energy gained or lost to give an understanding of how wind
contributes to the overall energy of the platform. The energy of a
point mass can be described as the sum of gravitational potential and
kinetic energy. Gravitational potential energy is defined with respect
to the altitude above the Earth-fixed inertial frame —z; and is
independent of wind. The kinetic energy requires more careful
consideration, as the velocity of the aircraft with respect to the
surrounding air determines the energy rate from aerodynamic force,
but the air itself may be moving with respect to the ground-fixed
inertial frame. We define the air-relative energy E, as the aero-
dynamic energy of the vehicle with respect to the surrounding air
(treating the air as a local inertial frame with respect to the aircraft):

1
E, = —mgz; + EmVa2 (10

Taking the time derivative of the air-relative energy and substituting
the airspeed acceleration [Eq. (8)] yields the overall specific energy
rate:

i D cosy,cosy, |7

Za=-V,——gW_,—-V,| siny,cosy, | J P an
m n —sinvy,

This equation illustrates how a gliding aircraft can gain or lose air-
relative energy from a wind field. The first term is the power loss due
to drag. This is always an energy loss term, since the airspeed must be
greater than zero.

The second term is the static soaring term; that is, it represents
energy gained or lost from vertical motion of the air relative to the
fixed inertial frame. This term is only affected by the vertical wind:
positive values of W, (downdrafts) result in energy loss and negative
values (updrafts) result in energy gain. Since this term is only a
function of vertical wind, flying at minimum sink (minimizing drag)
will result in the fastest energy gain from rising air: a fact well known
to glider pilots. This is also the only term that can result in energy gain
from a uniform wind field (J,, = 0).

The third term is the dynamic soaring term and represents energy
gained or lost due to wind gradients. This term is affected by airspeed,
climb angle, and wind gradients. Equation (11) shows that energy
gained or lost from windshear is proportional to the airspeed. In
general terms, increased airspeed increases energy capture or loss
rate and allows energy capture from lower magnitude wind gradients.

III. Gaussian Process Regression for Wind Mapping

An adequate estimate of the wind map is required to generate paths
through the wind field. The map must be generated from the set of
observations made during the flight. For the simulations in this
research, it is assumed that the aircraft is capable of measuring its air-
relative velocity. On a real aircraft, this is usually through mea-
surements of airspeed and angles of attack and sideslip. It is also
assumed that an Earth-fixed inertial measurement system is

available, such as a the Global Positioning System/inertial navigation
system, which estimates inertial position and speed. The difference
between the air data and inertial solutions is due to wind, such that it
should be possible to estimate wind whenever there are two
coincident measurements from the air data and inertial systems.

The mapping problem is complicated by the fact that there is not
often a static underlying wind field. Most wind fields are the result of
a number of driving components, such as geostrophic pressure-
driven wind at high altitude, shear layers, and boundary mixing at
lower altitudes. Additionally, there is turbulence from many factors,
such as ground features and random air motion (gusts). In the current
research, we consider static fields made up of fixed features like
thermal bubbles with an overlaid random gust model.

A number of alternative mapping solutions were considered for
this problem. However, some limitations should be noted. The
mapping method needs to provide an estimate of the wind at any
given point from the set of previous observations to be useful in path
estimation. The wind field is also effectively boundless, so the
solution either needs to be constrained within a set of boundaries or
be able to make predictions at any location. Finally, the high
dimensionality of the problem effectively eliminates the use of
discrete methods such as grid-based approximations, as there would
be too many grid cells with reasonable resolution for an onboard
computer with limited computational power and storage.

For this research, GP regression was selected to perform the map
estimation. A relatively simple explanation of GP regression for the
purposes of using the method in this context is provided in the
Appendix. A much more comprehensive coverage of the theory and
application of GPs is provided by Rasmussen and Williams [19]. GP
regression has been used to model wind fields on meteorological
scales, where the method is often known as kriging or best linear
unbiased prediction [20]. Spatial modeling of winds is also of interest
in the planetary boundary layer for wind power, and alternative
methods such as neural networks [21] and genetic algorithm learning
of a fuzzy model [22] have been used to predict the spatial and
temporal variation of wind.

The primary advantage of GP regression is that it provides a
variance estimate at each test point. This value represents the
confidence of estimates drawn from the learned model and can be
used by the planner to estimate the confidence in a proposed path.
The variance estimate also allows the path planner to identify regions
of low or noisy information in the field, which can be targeted for
further exploration. However, this comes at the cost of computational
complexity, which may be significant depending on the operations
required. Retraining the model (learning the hyperparameters) is a
relatively expensive operation, as each iteration of the optimization
requires reevaluation and inversion of the covariance matrix [O(k%),
where k is the number of observations]. Querying the model for
estimates is usually simpler, as it requires only a single inversion of
the covariance matrix, which can be stored inverted for fast retrieval
of additional test points. With a stored inverted covariance matrix,
generating a mean and covariance estimate is a matrix multiplication
operation of O(k?). However, the covariance matrix also needs to be
updated as new observations arrive, although there are existing
methods to update the inverted version directly to reduce compu-
tational complexity [23,24]. This would allow online operation with
limited computational power and storage, but for the current desktop
simulation, this was considered unnecessary and should not affect
performance significantly. Computational performance was not a
primary consideration for the current research, but the authors
believe that the use of GP regression with limited sample points could
feasibly be used on an onboard computer with relatively minor
changes that should not affect functionality or performance.

In short, GPs are used to estimate an underlying function (in this
case, the wind field) using a set of observations made during the
flight. In the current application, the wind field is assumed to be
smooth through use of the common squared exponential radial basis
function [Eq. (A6)] as the kernel function with a single fixed length
scale /, such that the input dimensions are considered isotropic
(displacements in all axes are treated equally). In the current
application, GP regression is used to estimate the windspeed and
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direction from a set of observations made during flight. The training
set X is the set of inertial positions of the aircraft where observations
were made. The wind observations are separated into the Cartesian
coordinate components of the wind measured in the inertial frame
(W,, W, and W,). A separate GP is used for each output dimension,
but the hyperparameters are shared between the three models, which
reduces computational complexity to the equivalent of a single
model. This effectively means that the output space is also considered
isotropic. Thus, the solution is invariant to rotation of the coordinate
axes.

IV. Simultaneous Exploration and Exploitation
of a Wind Field

The utilization of a known wind field was addressed in Sec. I, and
the mapping was discussed in Sec. III. This section provides a
method of combining these two actions to simultaneously explore
and exploit the wind environment. The goal of the system is to
explore a limited space in the environment: in this case, a box defined
by axis limits in inertial space. The exploration task is defined as
minimization of the variance estimate of grid points from inside the
target box. However, the system starts the mission with insufficient
energy to explore the space, so it must also collect enough energy
during the flight to complete the mapping problem. This is achieved
using a target assignment algorithm that directs the aircraft to either
further explore the space or attempt to gain more energy. A system
overview is illustrated in Fig. 2, and the following subsections detail
the path planning and target assignment modules.

A. Path Planning

The path planning routine is based on previous research by the
authors [11] that uses the energy equations to generate energy
efficient paths through a known wind field. The path planner uses an
expanding tree structure similar to a state lattice, but it is based on a
set of control inputs (roll rate and pitch rate commands) for a fixed
time horizon rather than target positions (which may be un-
reachable). A path segment is generated by numerically integrating
the model presented in Sec. II from the starting position with the
specified control sequences. Segments are ranked using a heuristic
energy-based reward function. The best performing branches are
propagated with a new set of control inputs, the resulting path
segments are again ranked using the same reward function, and the
process repeats for a predefined tree depth, as illustrated in Fig. 3.
While this method is suboptimal, it generates achievable paths and
allows exploration of the field within reachable states.

D

Aircraft makes wind observations
that are sent to the GP wind
mapping module

7'

v

r- GP Mapping

GP map is used to calculate the current
exploitation (maximum available power)
and exploration (highest map variance)
target positions

Path planner uses the
current target and wind
estimate to plan a path
that balances local
energy capture, map
improvement and
progress towards the
goal

A 4

Target Assignment

Target assignment module determines the
most appropriate target given the current
vehicle energy state and the energy state
of the exploitation target

v

—>| Path Planner I

M

Path planner sends

control sequence to

aircraft

Fig. 2 System overview of simultaneous exploration and exploitation
path planning architecture for a gliding UAV.

Fig. 3 Path planning tree for gliding flight with no wind.

The heuristic reward function R used to rank paths is a linear sum
of three energy-based components quantifying the estimated energy
change, the progress toward the global goal, and a reward for
traveling through unexplored regions. All components are expressed
in terms of energy to maintain consistency.

The first component, Reperqy €stimates the energy change during a
segment [Eq. (12)]. The total energy change is a sum of the potential
and air-relative kinetic energy changes between the initial and final
conditions (denoted with subscripts O and 1, respectively). An energy
estimate based on the instantaneous power at the end of the segment
E, isalso included with a fixed wei ght K, to favor terminal power for
further energy gain in subsequent segments. This was demonstrated
to perform better than considering energy change alone by Lawrance
and Sukkarieh [11]:

Renergy =-mg(z;1 — Zip) + %m(vil - Vg,o) + KEElAl (12)

Also considered is a navigation reward function, which rewards
progress made toward a goal point determined by a higher-level
planner. To be compatible with the energy reward, the navigation
reward must also be expressed in terms of energy. The navigation
reward is a discount on energy used to travel toward the goal. Figure 4
and Eq. (13) illustrate how the distance traveled toward the goal
(dgoat 0 — dgoar 1) 1s converted to a potential energy using the
equivalent altitude from an estimate of the glide ratio (L/D).:

dyoaro — 4,
Rnav =mg goal,0 goal,1 (13)

(Best

While exploration of the entire field is facilitated by the global
planner, the local planner can also take into account improvement of
the local map by collecting sample points that minimize total
variance. In smooth wind conditions, there are often path alternatives
that are predicted to result in similar performance in terms of progress
to the goal and energy efficiency, but they differ in the value of new
information collected. Since the GP estimate of the current map
variance is readily available, we propose using this information to
select paths that pass through high variance regions to maximize the
value of collected sample points.

To be compatible with the energy and navigation rewards
presented thus far, the sampling reward function should be expressed
in terms of the energy collected. However, the energy reward already
estimates the energy that would be gained or lost given the current
mean estimate of the wind field. The proposed solution is an energy
heuristic based on the possible energy of a path segment: how much
additional energy could be gained with favorable wind conditions
over the mean estimate conditions. The possible additional energy is
estimated by calculating the most favorable wind conditions within
one standard deviation 1o of the mean estimate. This uses the GP
variance to reward exploration in poorly mapped (high variance)
regions; but in well mapped (low variance) regions, the sampling



LAWRANCE AND SUKKARIEH

R

dgoat0

a) The distance traveled towards the goal is the difference
between the distance to the goal at the beginning and end of
the segment (d,1,0 = dgoar,1)
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L _ forward distance _ Vi

no-_d Tl

equiv (A) -
DJest -~

D vertical distance V.

vertical

b) The equivalent altitude &
be required to travel horizontal distance d at glide ratio (II)—‘) )
es

equiv T€PTesents the altitude that would

Fig. 4 Estimation of the navigation reward function in terms of the equivalent energy of travel toward the goal.

reward becomes insignificant and the total reward is dominated by
the energy and navigation components.

Calculating the correct gradient alignments and using the full set
of dynamic equations to simulate each segment is computationally
expensive. A faster alternative is to estimate the energy difference
along the entire segment compared with the mean estimate case.
From Eq. (10), additional wind energy must come from an increase in
altitude and/or a change in effective airspeed. Thus, a reasonable
method of estimating the possible energy gain would be to calculate
the vertical displacement and airspeed changes along the length of
the segment under favorable conditions. A simple longitudinal
example is illustrated in Fig. 5.

Take a path estimate generated with the mean wind from point
Po = [x0s Yo, 20]” to point p; =[xy, yy,z,]7. The corresponding
airspeeds V,, and V; are also known. Additionally, the wind variances
at the start [07, o, 07y, . Oy, o]” and end [0, 1, 05, 1, 07, ,]" points
are calculated from the GP map. Now consider the 1o best-case
favorable wind. In the z direction, this is always a lifting wind, so the
best case is the mean wind plus 1oy, vertical wind. The net effect is
an increase of %(OWZ’O + oy..1) along the length of the segment.
Increasing the total mean wind in the other directions does not
increase energy; it only induces lateral motion. The maximum shear
energy is always due to a maximum shear gradient, which will be
opposing estimates at either end of the segment (with the direction
determined by the heading of the aircraft), which results in a total
variation of oy, o + Oy, ; in the x direction and oy, o + oy, ; inthey
direction along the length of the path segment. Thus, the most
favorable 1o wind change along the entire segment is

+(0wro + Owr1)
E(owy0 + Owy1)
+(ow.0 — Ow-1)

AW = (14)

Only the component of wind in the direction of flight will change the
effective airspeed. This component can be calculated by taking
the scalar projection of the wind vector in the flight direction. Let the
airspeed at the end of the segment with favorable wind be V:

Po, Vo _
S - D=

} 1 i | ‘

WZ.O WZY1

a) The original forward simulated path based on
the mean wind estimate

Owx0 + Owx |} — xo
AV=V -V, =AW X' = Owyo + Owy.1 ¥} = Yol
low.0 — Ow..1] 123 — 2ol

/ V=10 + O =30 + (& — 20)° (15)

The additional airspeed results in an increase in total energy and is a
function of the current airspeed. Letting the mean original airspeed
along the segment be V = 1(Vy +V)), the total kinetic energy
increase is

AEk = Ek.lofavourable - Ek,mean x %m(v + AV)2 - %mVZ

=1ImQVAV + AV?) (16)
Gravitational potential energy is gained though the increased vertical
component leading to additional altitude at the end of the segment:

AEp = Ep.lafavourable - Ep.mean ~ %(UWz,O + cTWz.l)’/ngAI (17)
The corresponding total energy change is defined as the sampling
reward function Ry,ppiing:

Rsumpling = Alyk + AE{) = %(UWLO + O'Wz,l)n/lgAt

+1ImQVAV + AV?) (18)
Note that this form of reward assumes an optimistic estimate of the
wind. However, it is equally likely that the opposite case occurs, with
lo opposing wind (downdraft, adverse wind gradient) resulting in a
poorer energy performance than predicted. In this case, the
exploration still provides utility, as improvement in the map and a
consequent reduction in variance limits future exploration of that
area. Also, the length scale of wind features is usually higher than the
length of a planning segment, so the mapping component primarily
acts in tie-break situations where there is similar energy performance
but alternative paths could improve local mapping.

pr, Vi’
poVo - r O
e
+0wx,0 / : ¥ ! R\\ “Owx, 1
/ f + \ \
Wzo + Owzo W1+ 0wz

b) Favorable wind conditions based on one standard
deviation from the mean

Fig. 5 Additional air-relative energy for flight in favorable wind conditions.
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300 400 500
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Fig. 6 Variation of energy weighting K; as a function of distance to goal d,,, [Eq. (20)].

A weighted sum of the three specified reward functions is used to
balance local energy capture, progress toward the goal, and local field
exploration. In general, the goal points are approximations of a target
area rather than specific points that need to be flown to. Near the goal,
the capture of energy and new information is most important. Further
from the goal, it is more important to travel toward the goal. A
variable weighting is used between energy and navigation rewards.
The sampling reward weighting is fixed, as it has equal significance
throughout the flight. The variable weighting is K € [0, 1]; lower K
values give precedence to progress toward the goal, and higher K
values favor local energy gains:

R= KERenergy + (1 - KE)Rnav + KsamplingRsampling (19)

The value of K is determined by an exponential decay function,
which assesses how near the goal the aircraft is and adjusts the gain
accordingly. The value of K approaches a constant minimum value
K nin at a distance far from the goal. As it approaches the goal, K
increases, favoring energy gain over progress toward the goal. When
the aircraft is at the goal, K is at its maximum value of one, and the
navigation reward is neglected. To determine the decay rate, a second
variable is introduced, K 1oy, Which is the value of K at a distance of
100 m from the goal. In the current work, this value was selected
offline at 0.6 but could be determined by estimating the size of
thermals online. The equation and an illustration of the behavior of
K as afunction of distance to the goal d,,, are presented in Eq. (20)
and Fig. 6, respectively:

KE(dgoal) = KE.min

dosi . (Kg100 — Kemi
1—K ) goal 1 E,100 E.min 20
+ ( E,mm) exp|: 100 Og( 1— KE,min ( )

The automatic balancing of the reward function allows the goal point
to be set at an energy source (such as a thermal) or any other target
while retaining the same path planning structure. In this way, the path
planning module acts as the low-level guidance controller; given a
goal location and the number of branches to search, it will return the
control sequence required to produce an efficient path to the goal
based on the current wind field estimate. In the current work, the path
planning algorithm uses the GP map estimate to generate control
sequences, which are carried out open loop by the simulated aircraft.

B. Target Assignment

The target assignment algorithm carries out the higher-level task of
determining whether to pursue an exploitation (energy gain) or
exploration (map improvement) goal. For each planning cycle, two
goal points are defined. The exploration goal P, is defined as the
point of maximum estimated uncertainty drawn from a regular three-
dimensional grid of the target region. The energy goal Peypoi 18
defined as the point on the previous trajectory where maximum
power gain was recorded. The target assignment algorithm selects
between these goals each planning cycle.

Algorithm 1 Global target
assignment algorithm

Each replanning cycle:
Elrave] = mgdexp]ore/(L/D)esl
— 1 2
Eexplore = —MEZZj explore + Echruise
E = —mgz; +imv2
current — 8%i,current T 3 current
if Ecurrcnl =z (Ecxplorc + Eu‘avc]) then
Ptargcl <« chplorc
else
Plargel <« Pexploit
end if

The goal of the mission is to reduce total map uncertainty over the
entire region. However, depending on the energy state of the vehicle,
the current exploration goal may be unreachable. An estimate of the
energy required to reach the exploration goal E . is made by taking
the distance to the goal dypiore and an estimate of the lift-to-drag ratio
to determine the equivalent height and resulting gravitational
potential energy required to travel that distance [as in Eq. (13)]. The
energy required at the exploration goal E.y,. is defined at the
altitude of the target —z; .ypiore and a fixed speed (usually the cruise
airspeed Vi) If the aircraft currently has more energy than the sum
of the target energy and the travel energy, then we estimate that the
aircraft can reach the exploration goal and the current goal is defined
as the exploration goal. Otherwise, the current goal is defined as the
exploitation goal, as summarized in Algorithm 1.

In this way, the aircraft either has enough energy to attempt to
explore the most uncertain region of the map or returns to the
previously best-known energy source to collect enough energy until
exploration is possible. There are limits on the exploitation goal to
prevent energy-gain attempts from insufficient sources (less than the
sink speed), and the target rises in altitude with the aircraft to continue
energy-gain flight.

V. Simulation Setup

The aircraft is simulated by numerical integration of the dynamic
equations from Sec. II. The aircraft parameters are derived from an
RnR SB-XC remote-controlled cross-country glider model, and
relevant parameters are shown in Table 1. The wind is represented by
a static field consisting of a number of thermal bubbles of various
strengths and sizes, as described for each simulation in Sec. VI. Air
flows around elliptical toroid sections: flowing inward and upward at
the bottom of the torus and out again at the top. For each thermal, the
maximum core lift speed V. and lifting radius ry;;; are specified. The
vertical lift component V, varies as a function of the radial distance
from the center of the thermal r, as shown in Eq. (21). The mean lift
across the lifting disk is (4/7%)V e & 0.41V ... Note that the flow
is conservative, such that the lifting volume of air for r € [0, ryg] is
the same as the sinking volume of air for r € [ryg, 27 Further
information can be found in [11] by Lawrance and Sukkarieh:
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Table 1 Aerodynamic and geometric properties
of the SB-XC glider model

Parameter Value Units Explanation

Cho 0.012 Parasitic drag coefficient

b 4.32 m Wingspan

S 0.957 m?  Wing reference area

AR 19.54 Wing aspect ratio

e 0.85 Oswald’s efficiency factor

m 5.44 kg  Vehicle mass

Mmax 2.0 Maximum load factor (positive)

Mnin 0 Minimum load factor (negative)

Cp max 1.2 Maximum lift coefficient
dop/dt. 30 deg/s Maximum roll rate
Yamax 50 deg  Maximum air-relative climb angle
(L/D)y 30 Approximate glide ratio
(for reward function)
VCO[‘C r= 0
V.(r) = @1

i Veore ot
Tt Veore Sll’l(ﬁ) re (07 2rlift]

r

The GP mapping uses observation data collected during the flight by
a simulated air data system. This system is simulated by taking the
actual wind data from the simulation and adding unbiased Gaussian
noise with standard deviation 0.1 m/s to represent measurement
error. As explained further in the Appendix, the GP regression uses a
square exponential covariance function with three hyperparameters:
process length scale /, process variance 0%, and noise variance 2.
The GP hyperparameters were determined by flying 10 simulated
trajectories through static wind fields with a random set of up to three
thermal columns ranging in size from 25-100 m radius and core
strength from 0-7 m/s. Each flight collected 300 data points, and the
hyperparameters were trained using the MATLAB minimization
routine fminunc to minimize the negative log marginal likelihood.
The mean of the resulting hyperparameters was [ =45 m, o,=
0.5 m/s.and 0,, = 0.09 m/s. These values are used and remain fixed
in the following simulations.

During each simulation presented in the results, at most, 150 data
points are stored and used for regression to limit computational load.
The simulated sensor system collects data at high frequency (10 Hz),
so the maximum number of observations is reached relatively early in
the flight. Observations must be discarded to maintain a database of
the most useful observations. In the current implementation, the
observations are ranked by the minimum distance to other
observations in the set. The square distance is already calculated as
part of the covariance function, so the results only require sorting.
Observations that are too close together are removed and replaced
with new observations. This results in a natural spatial sparsity of the
data set representing the best coverage of the target space with the
limited number of observations made along the flight trajectory.

The path planner uses the current wind field estimate generated by
the GP mapping module to plan paths. Each planned segment is 1 s,
with a total tree depth of five and replanning every 3 s. There are three

Y -100 ~°

scaled roll rate commands, up to a maximum bank of 45 deg, and
three pitch rate commands (with load limit and maximum lift
coefficient constraints), for a total of nine control options for each
branch. The control sequence returned by the path planner is carried
out open loop by the simulated aircraft with wind data drawn from the
simulated wind field.

Target assignment is based on two targets returned from the GP
map. The exploration target is the point of maximum variance based
on aregular 8 x 8 x 5 grid drawn from the target exploration region.
The energy target is defined as the point at which the aircraft gained
maximum power during the flight so far.

Also included in the final set of results is a gust model to simulate
turbulence. The Dryden continuous turbulence model is used with
specifications from MIL-F-8785C [25,26]. The turbulence is
generated for a moderate level of turbulence at low altitude (less than
1000 ft), with mean windspeed at 20 ft altitude u,, of 15.23 m/s
(30 kt). The turbulence is calculated at each time step for the current
airspeed and altitude using Gaussian noise.

VI. Results

The simultaneous exploration and exploitation strategy is
demonstrated in three simulated trajectories. Each simulation
consists of a static wind field with a region of exploration defined.
The aircraft begins the simulation with a small set of data already
collected; this represents manual or autonomous flight before the
autonomous soaring control is activated. These data provide a
repeatable exploration path at the start of each simulation but are not
necessary for autonomous soaring, and the control architecture does
not require initial data.

This first simulation illustrates exploration of a region containing a
single thermal near the corner of the region. The aircraft starts
autonomous soaring at (0, 60, —200) heading in the direction of the
positive x axis. There is a single thermal bubble centered at (350, 50,
—200) with maximum vertical wind strength 3 m/s and a lifting
radius of 100 m. The exploration box is defined by the limits
x € [0,400],y € [-100, 100], and z € [—250, —150]. The simulation
runs for 500 s. The resulting path is shown in Fig. 7. Linear
dimensions are in meters.

Figure 8 shows the progress of the simulation from a top-down
view. The straight path with a semicircular curve terminating at (0,
60, —200) indicates flight before autonomous soaring. Current
sample points are indicated by the symbol +. The soaring controller is
capable of using the energy in the thermal bubble to effectively
explore the region. Initially, the aircraft does not pass through the
thermal. During early exploration of the region, the thermal is
discovered and used for the remainder of the flight. The general
pattern of motion is to capture energy from the thermal and then use
that energy to explore new regions. However, the energy reward
limits the ability of the planner to use path segments that result in
excessive local energy loss. While this is often beneficial, it can
occasionally cause excessive detours, as seen in some of the longer
loops extending outside the region of interest. In these cases, the
airspeed is usually relatively high after exiting the thermal. A sharp

Fig. 7 Single thermal exploration at = 500 s. Autonomous soaring flight starts at the triangle. There is a single thermal bubble with core vertical

windspeed of 3 m/s illustrated by a filled circle.
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Fig. 8 Exploration history of a wind field with a single thermal. Stored sample positions are indicated by + symbols.

turn at high speed would result in rapid energy loss, so the planner
continues to select segments that move further from the goal but are
locally energy efficient. Eventually, the navigation reward becomes
more significant and/or the aircraft slows down enough so that a turn
can be made efficiently. This highlights a limitation of the local
planning strategy that could be improved with an increased planning
horizon. Similarly, large changes in commanded altitude often occur
as the exploration goal is moved to a new target. Since lower altitude
necessarily means a loss in energy, the planned paths tend to traverse
longer distances to minimize energy loss rate rather than diving
toward the target with rapid energy loss. This is generally favorable
and allows the sampling reward to have a more significant effect to
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a) Energy change during flight

maximize the benefit of data points collected between exploration
targets.

The mean field variance is the mean of the variance estimates taken
at grid points throughout the region of interest. Both the energy
change and the change in mean variance are shown in Fig. 9. The
energy variation illustrates the planner alternating between capturing
energy and exploring the region. This can be seen in the correlation
between the two plots. Initially, the aircraft is mostly flying in
unexplored regions, resulting in a rapid reduction in variance.
However, as the aircraft returns to the energy source to capture more
energy (t = 200-300 s), the new observations are close to previous
ones and do not result in significant reduction of the field variance.
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b) Mean variance estimate during flight (mean field variance is

mean of variance estimates drawn from regular 8x8x5 grid of
target exploration region)

Fig. 9 Energy and estimated variance during single thermal exploration.
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Fig. 10 Multiple thermal exploration at¢ = 500 s. There are three thermal bubbles centered at (200, 100, —250), (350, —80, —150), and (50, —80, —200)

with V.. of 2, 3, and 5 m/s, respectively.

After enough energy is captured, the aircraft continues to explore the
field, resulting in further reduction of the variance.

In general, the variance shows an asymptotic decline in overall
variance toward a minimum value. This represents the fact that there
are a limited number of sample points and, due to the nature of GPs,
there is necessarily some uncertainty in the regions between the
sample points. Overall uncertainty could be further reduced by
increasing the number of sample points and allowing additional time
for further exploration.
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The second simulation result demonstrates autonomous soaring
and mapping over a larger region with three thermal bubbles. In this
case, there are two small thermals located at (200, 100, —250) and
(350, —80, —150) with V. of 2 and 3 m/s and ry;; = 50 and 75 m,
respectively. There is also a larger, more powerful thermal with
rig = 100 m and V. =5 m/s located at (50, —80, —200). The
exploration box is x € [0,300], y € [-100,200], and z € [-250,
—150]. The simulation time is 500 s and the resulting path is shown in
Figs. 10 and 11.
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Fig. 11 Exploration history of a wind field with three thermals. The thermals are centered at (200, 100, —250), (350, —80, —150), and (50, —80, —200)

with V.. of 2,3, and 5 m/s, respectively.
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These results demonstrate the ability of the system to handle
multiple energy sources. When autonomous control begins the only
known energy source is the 3 m/s thermal at (350, —80, —150). This
is used during the first two traversals of the field. At r &~ 130 s, the
larger thermal is found. For the remainder of the flight, the planner
can gain enough energy from short traversals through the strong
thermal to continue exploration (see Fig. 12). This demonstrates that
the method can use different strength energy sources, with
considerably less circling required in the strong thermal than the
smaller thermals.

A similar pattern in energy use and variance reduction is shown in
the multiple thermal case as in the single thermal case. Again, the
controller cycles through energy collection and exploration phases.
The later cycles are shorter due to the high power available from the
large thermal. The results show a fairly steady reduction in overall
variance to a similar level seen in the single thermal case. This is a
good result given the larger size of the exploration region. Also worth
noting is the use of the smallest thermal during flights through that
region. Despite the smallest thermal never acting as an energy target,
the low-level controller still makes use of the available energy for
paths crossing through or near the thermal bubble. This demonstrates
the utility of the reward function in generating local paths, which use
any available energy.

Figure 13 illustrates the estimate of the wind field at the end of the
multithermal simulation. This is provided to demonstrate that the
exploration is effective at mapping the complete wind field. The GP
regression estimates for the thermal core velocities are 1.22, 2.57,
and 5.26 m/s for the 2, 3, and 5 m/s thermals, respectively. Also
captured is the toroidal shape of the thermals and good estimation of
the inflow and outflow in the smaller thermals (the larger thermal is
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Energy and estimated variance multiple thermal exploration.

too tall for this to be noticeable). This represents an accurate estimate
of the wind field and demonstrates the ability of the GP mapping to
account for a number of structures simultaneously, which can be
difficult for model-based methods that have to separately identify
each structure. Of further note is that retraining the model with the
final observation set yields optimal hyperparameters of / = 45.05,
o, =0.489, and g, = 0.055, very similar to the values used in
simulation. This suggests that retraining should be possible during
flight, since a gradient descent would be able to track the optimal
solution as the hyperparameters vary slowly from a good initial
estimate.

The final results present a more difficult soaring case to
demonstrate some of the limitations of the current method. In the
final scenario, the wind field is made up of a sinusoidal wave and a
single thermal. The wave field is generated using a sinusoidal
variation along the x axis:

W, = —V,veCOS ncos 2mx
x = wave 4 )\'

2
W, = —Vyave sin [% cos (%) :|

The wind strength V.. is2 m/s, and the wavelength A is 200 m. The
maximum lift is 1.41 m/s, which is enough for energy-gain flight
(minimum sink is ~0.60 m/s straight and level at V = 15 m/s) but
in a relatively narrow region. The thermal is centered at (350, 50,
—200) as in the first set of results but with V. = 2.5 m/s and a
reduced lifting radius of ry;; = 75 m. The resulting path is shown in

(22)

(23)

0 0.05 0.1 0.15 0.2 0.25
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300 -100 X

b) Final field estimate

Fig. 13 Final estimate of wind field from multithermal flight. The cone shading in Fig. 13b represents the wind variance estimate at each sample point,

0% in (m/s)?.
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Fig. 14 Exploration of a wave and thermal wind field. The wave is shown by the vector field projected onto the xz plane. The thermal bubble has

Veore = 2.5 m/s, and the location is illustrated by the filled circle.
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Fig. 14. In this scenario, the thermal is not found until late in the
exploration (f & 400 s). Although exploration of the field initially
heads toward the thermal, energy is lost in travel due to relatively
poor estimation of the (initially) unknown sinusoidal field. However,
it travels close enough, such that the (0, —100, —250) corner of the
box becomes the next exploration target. Also, there is just enough
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Exploration history of a wave and thermal field. The location of the thermal bubble is indicated by the filled circle.

energy in the rising regions of the sinusoidal oscillation to gain
altitude. However, the constant flow in the negative x direction makes
energy gain difficult and relatively slow. Thus, the planner spends a
significant amount of time attempting to gain energy from the rising
air in the sinusoid (see Fig. 15a). During this time, there is no
reduction in field variance, as the aircraft is outside the exploration
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b) Mean variance estimate during flight

Fig. 16 Energy and estimated variance during wave and thermal exploration.
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region (see Fig. 16). Eventually, it recovers enough to explore the
region around the x = 0 face, and the information target moves to the
opposing (x =400) face. However, the energy lost during
exploration needs to be recovered again, and the planner spends
more time recovering energy from the rising areas of the wave flow.
Finally, at t &~ 400 s, the thermal is found with significantly higher
lift and becomes the new energy target. During the last 100 s, further
exploration is possible due to the increased energy capture from the
thermal.

These results demonstrate the limitations of the current method. In
the final scenario, the aircraft does not carry out the mission
particularly efficiently. This is largely due to the nature of the target
assignment, where the exploration target is defined as the single point
that will yield the most information but is not necessarily the most
useful one in terms of continuous field exploration. Similarly, the
energy target is initially outside the target exploration region due to a
noisy sample that yielded the highest estimated lift there, despite
there being equal energy regions inside the exploration box. In the
illustrated scenario, the planner selects a high-energy target at the top
corner of the region early in the exploration, requiring significant
energy capture from the relatively limited energy available from the
wave flow. Collecting sufficient energy to travel to the target takes a
long time, with very little exploration performed. Both the energy
target and information target are single points, and their selection can
be biased by poor sampling or noisy observations, leading to a
reduction in exploration performance. The resulting wind map at
t =500 s (Fig. 17) has unexplored regions and significantly higher
variance than in the previous cases.

To demonstrate the robustness of the method, a set of 100
randomized trials was performed. Each trial is a 500 s simulation for a
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b) Final field estimate

Final mean estimate of the wind field from wave and thermal flight. The cone shading in Fig. 17b represents the wind variance estimate at each

flight through a random thermal field. We define the thermal
volumetric flow rate Qyema as the volume of air moving upward
through a horizontal plane through the center of a thermal. The
volumetric flow is dependent on the core vertical speed V. and
lifting radius ry, as shown in Eq. (24). Note that the thermal model
used is conservative, so there is an equal volume of air moving
downward through the same plane in the sinking air region outside
the thermal core:

(24)

— 4.2
chermal - ;rlift Vcnre

For the randomized simulations, there are between two and four
thermal bubbles placed randomly in the exploration region, with a
total volumetric flow equivalent to a single thermal bubble of
2.5 m/s vertical wind and 100 m lifting radius (total Qerma=
3.18 x 10* m?/s). The core speeds range from 0 to 7 m/s, and lifting
radii range from 40 to 100 m. The resulting time history of the
mapping variance estimate and mapping accuracy are shown in
Fig. 18. The accuracy is the rms map error taken by comparing the
wind estimate with the actual wind field at each time step over the
regular 8 x 8 x 5 grid used for target assignment. The median field
variance at ¢ = 500 s across 100 trials was 0.051 (m/s)?, and the
median rms error was 0.218 m/s.

The simulation was completed in all cases such that the planner
never had to cancel the mission due to lack of energy. While most
trials significantly reduced the rms map error, some did not complete
the mapping task adequately. The poorest performing case (shown by
the dashed line in Fig. 18) consisted of two thermals with core speeds
of 1.05 and 6.91 m/s and lifting radii of 54.7 and 64.1 m,
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— — — Poorest mapping performance
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RMS wind error
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b) RMS mapping error

Fig. 18 Variance estimate and mapping error over 100 simulated flights of 500 s each through random thermal fields.
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respectively. The weak thermal was near the presampled path and,
consequently, already relatively well mapped at the start of
autonomous flight. After initial exploration, the aircraft spent the
remaining flight attempting to collect enough energy from the known
small thermal to continue exploration. However, due to the low lift
and small radius, the aircraft gained energy very slowly and often lost
energy when it left the lifting core and made turns in the surrounding
sinking air attempting to return to lifting air. This meant that there was
limited improvement in mapping accuracy due to mapping error
being dominated by the unmapped second thermal. This
demonstrates the conservative approach of the current control
scheme, given that no prior information on the wind field is available.
An improved target assignment algorithm may need to be more
flexible in selecting exploration targets to prevent extended attempts
at using weak energy sources to reach a high-energy exploration
target.

VII. Conclusions

This paper presented a strategy for simultaneous exploration and
exploitation of a wind field for a gliding UAV. A novel application of
GP regression is used to build a model-free spatial wind map from
point observations of the wind taken during the flight. The resulting
map provides a continuous estimate of the wind field velocity as well
as an estimate of the uncertainty (variance) across the map. A global
planner facilitates exploration of the map by defining a global target
each planning cycle. The global target is selected based on the current
energy of the aircraft and is either an exploration target (the position
with maximum estimated variance) or an exploitation target (the
position at which maximum power gain was recorded). A low-level
planner uses an energy-based heuristic to identify control actions that
maximize local energy capture, travel toward the global goal, and
reduce local map uncertainty. The system was tested in simulation for
static wind fields containing thermal bubbles. The results demon-
strate robust simultaneous exploration and exploitation of an
unknown wind field, with the glider model effectively exploring a
fixed region while using energy sources found in the field.

Appendix: Gaussian Process Regression

GP regression is a nonparametric Bayesian machine learning
method of regression analysis. The following provides a brief
explanation for GP regression used in the current context. The
notation used is generally consistent with that used by Rasmussen
and Williams [19], and further information can be found there. As in
most regression techniques, the goal is to characterize the underlying
function from a finite set of observations y = {y;}/_,, where y; € R
taken at locations in the input space X = {x;}/_,, where x; € R?. The
observations are assumed to be drawn from the set of actual function

'x] yl Z]
X, Z Z
x=|™ )‘z 2 —
: W,
X Yoo Za y=| :
W,

y=

values f(x) with additive zero-mean Gaussian noise with variance
2.
o}

y=f(x)+e (A1)

e ~N(0,02) (A2)

The goal of the GP regression analysis is to learn a function f, which
is the underlying function drawn from the input data. However, GP
regression does not return an analytical function but rather returns a
distribution of functions from which we can draw estimates of the
function value at any selected test point x,,.

The covariance function k(x, x’) defines the variance between two
input points. A covariance function must be a positive semidefinite
function. There is a large range of common covariance functions
that determine the properties (such as smoothness, periodicity,
stationarity, etc.) of the function set generated by the GP. A common
set of covariance functions are radial basis functions, which are based
only on the distance between the two input points. In the case of a
Euclidean space and distance measurement, this is also often an
isotropic distance (input dimensions have equal weight) such that
k(x,x’) is a function of r, where r = |x — x/|. In this case, the
covariance is high (they are strongly correlated) for points close
together and low (weakly correlated) for points far apart. The
covariance function is used to generate a positive semidefinite
covariance matrix K(X,X), which represents the covariance
relationship between all points in the input space. To include
observation noise, as specified in Eq. (Al), the final covariance is

cov (X, X)=K(X,X) + o2l (A3)

GP regression uses the information expressed in the covariance
matrix to generate a Gaussian distribution of functions. Any point on
the function space can be tested, and the return is a Gaussian
distribution output at that point defined by a mean value and
covariance. The mean value at a sample location is actually a
weighted sum of the training points, with the weightings determined
via the covariance function. Without covering the mathematics in
depth, the estimated mean value f, and covariance cov(f,) for a set
of test points X,, training points X, observations Y, and covariance
function k are shown as follows:

f* = E[f(X*NX» y’X*] = K(X*,X)[K(X, X) + 0311]7137 (A4)

—> B[ f,, (X.)]. cov[ , (X.)]

—> 5[ f,, (X)]. cov[ £, (x.)]

_VE[fW: (X*):|’ Cov[fm (X*):|

Fig. A1 Structure of GP regression over Cartesian coordinates of wind.
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cov (f.) = K(X,,X,) — K(X,, X)[K(X,X) + o7 1] ' K(X, X,)
(A5)

Selection of an appropriate covariance function is critical, as it
determines the set of basis functions from which the solution set is
drawn. In this paper, we use the squared exponential covariance
[Eq. (A6)], aradial basis function. It is a commonly used covariance
function that generates smooth outputs and, in this case, has zero
mean, is isotropic (input dimensions are equally weighted),
stationary (function only of relative displacement, not of the absolute
values of the input points), and nondegenerate (infinitely
differentiable):

_ )
k(x,x) = o} exp(%) (A6)

As can be seen from the equation, there are a number of variable
parameters that affect the values returned by the covariance function.
These are known as hyperparameters 6, and training the model is the
process of learning the most appropriate set of hyperparameters from
the training data. In the case of a squared exponential covariance
function, the set of hyperparameters is the length scale /, the signal
variance o7, and the sensor noise variance o;.

Selection of the hyperparameters affects the output mean and
variance estimates. Since the effect of the hyperparameters on the
resulting estimate is not always intuitive, we require some measure of
determining whether the selected hyperparameters result in a good
fit. A common method of estimating the fitness of a candidate set of
hyperparameters is the marginal likelihood. In a Bayesian model
comparison, the marginal likelihood represents the probability of
obtaining the training observations y, given the training points X, the
set of hyperparameters 6, and the current model M. The weights w are
marginalized out to give the marginal likelihood:

Py | X.0.M) = / Py | Xow. M)p(w | 6. Mydw (A7)

This integral can be evaluated over a Gaussian model set, meaning
that (the log of) the marginal likelihood is relatively easily to
calculate. Although an in-depth discussion of the marginal likelihood
is beyond the scope of this work, it is sufficient to say that
maximizing the marginal likelihood represents a fit based on a
balance of minimum model complexity and remaining near the
training data. Very complex models tend to fit the data well near the
training points but are poor predictors away from the training data
(overfitting), whereas simple models may not be capable of capturing
the information in the training data and consequently assume a
simple underlying function and very noisy observations (underfi-
tting). In the current application, the GP is trained using an
optimization routine (in this case, MATLAB’s fminunc or a simple
gradient descent function), which varies the hyperparameters to
minimize the negative log of the marginal likelihood. The
hyperparameters are learned offline from a number of sample
trajectories in similar conditions. The trained model is then used for
the simulated test flight, and the hyperparameters remain fixed during
the simulation. In the current implementation, the hyperparameters
are shared across the three input dimensions such that only one
inverse covariance matrix is required for estimation at target points.
The structure is illustrated in Fig. Al.
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